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Keller-box methodAbstract In this paper we study the combined buoyancy (due to thermal and species diffusion)
effects on the ﬂow, heat and mass transfer of a viscous, incompressible, Ostwald-de Waele ﬂuid over
a vertical stretching surface in the presence of a chemical reaction. The effects of variable thermal
conductivity and the variable mass diffusivity are also considered. A similarity transformation is
used to convert the partial differential equations into coupled nonlinear ordinary differential equa-
tions. Numerical solutions are obtained by the Keller-box method. The inﬂuences of sundry param-
eters on the velocity, temperature and the concentration ﬁelds are presented in ﬁgures and discussed
in detail. The values of the skin friction coefﬁcient, Nusselt number and the surface mass transfer
for various values of the governing parameters are presented in tables. One of the interesting obser-
vations is that the inﬂuence of the buoyancy parameters increases the velocity. However, quite the
opposite is true with the temperature and the mass concentration, for all values of the power law
index and the reaction rate parameter. The results obtained reveal many interesting behaviors that
warrant a further study of the non-Newtonian ﬂuid phenomena, especially shear thinning phenom-
ena. Shear thinning reduces the wall shear stress.
ª 2014 Production and hosting by Elsevier B.V. on behalf of King Saud University. This is an open access
article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/3.0/).1. Introduction
Many ﬂuids we come across in day-to-day life, such as blood,
dyes, yoghurt, ketchup, shampoo, paint, mud, clay coatings,
polymer melts, certain oils and greases have complicated rela-
tions between the stress and strain. Such ﬂuids do not obey the
Newton’s law of viscosity and hence are called non-Newtonian
ﬂuids. The ﬂows of such ﬂuids occur in a wide variety of
Nomenclature
u and v ﬂuid velocity components along the x and y axes
respectively
E1E2 constants
b stretching rate
n power-law index
cp speciﬁc heat at constant pressure
C concentration of the ﬂuid
Cf skin friction coefﬁcient
Cw concentration at the wall
C1 concentration of the ﬂuid far away from the wall
DðCÞ concentration dependent species diffusion coefﬁ-
cient
D1 diffusion coefﬁcient far away from the wall
f dimensionless stream function
g acceleration due to gravity,
Grx modiﬁed Grashof number
Gc modiﬁed Grashof number with respect to species
diffusion
kðTÞ temperature-dependent thermal conductivity
Qs heat source/sink parameter
kw thermal conductivity at the wall
k1 chemical reaction parameter
k1 thermal conductivity far away from the wall
l reference length
Nux local Nusselt number
Prn generalized Prandtl number for power law ﬂuids
qw surface heat ﬂux
qm surface mass ﬂux
Rex local Reynolds number
Sc Schmidt number
T ﬂuid temperature
Tw uniform temperature
T1 ambient temperature
u axial velocity component
Uw stretching velocity
v radial velocity component
x; y Cartesian coordinates along the surface and
normal to it respectively
Greek symbols
b1 thermal expansion coefﬁcient
b1 concentration expansion coefﬁcient
c kinematic viscosity
a thermal diffusivity
d reaction rate parameter
e1 variable thermal conductivity
e2 variable diffusivity
g similarity variable
h dimensionless temperature
l coefﬁcient of viscosity
k buoyancy parameter
sw surface shear stress
q density
/ dimensionless concentration
w stream function
Subscript
w conditions at the stretching sheet
1 condition at inﬁnity
Superscript
‘ differentiation with respect to g
58 K. Vajravelu et al.practical applications, such as the polymer depolarization,
bubble columns, fermentation, composite processing, boiling,
plastic foam processing, and bubble absorption. Therefore,
non-Newtonian ﬂuids have attracted the attention of several
experimentalists and theoreticians in the ﬁelds of engineering,
physics, computer science and mathematics. As these ﬂuids
are varied in nature, the constitutive equations governing these
ﬂuids are much more complicated and of higher order than the
Navier–Stokes equations. Therefore, several models of non-
Newtonian ﬂuids have been proposed. Among the non-Newto-
nian models, the most popular rheological model for non-
Newtonian ﬂuid is the power-law or Ostwald-de Waele model.
The power-law model provides with an adequate representa-
tion of several non-Newtonian ﬂuids over the entire range of
shear rates. This adequate representation and its apparent sim-
plicity have made it a very attractive model for analytical and
numerical research. The rheological equation of the state
between the stress components sij and strain components eij
is deﬁned by Vujannovic et al. (1971),
sij ¼ pdij þ K

X3
m¼1
X3
l¼1
elmeml

ðn1Þ=2
eij; ð1Þ
where p is the pressure, dij is Kronecker delta and K and n are
respectively, the consistency coefﬁcient and the power-law
index of the ﬂuid. For n < 1; the ﬂuid is shear thinning orpseudo plastic; for n > 1, ﬂuid is dilatant or shear thickening,
and for n ¼ 1; the ﬂuid is simply Newtonian. Several ﬂuid
models studied in the literature suggest the range of
0 < n 6 2 for the power-law index n. Some recent contribu-
tions in this direction can be seen in investigations
(Hassanien et al., 1998; Prasad et al., 2009; Cortell, 2005,
and Refs. therein).
Furthermore, the boundary layer ﬂow due to a moving con-
tinuous solid surface occurs in several engineering processes.
In particular, in aerodynamic extrusion of plastic sheets, wire
drawing, glass ﬁber and paper production, cooling of an inﬁ-
nite metallic plate, and polymer processing. In view of these
applications, Crane (1970) was the ﬁrst among the others to
study the boundary layer ﬂow of a Newtonian ﬂuid caused
by stretching of an elastic sheet which moves in its own plane
with a velocity varying linearly with distance from a ﬁxed
point. Subsequently, various aspects of the problem of stretch-
ing surfaces have been studied in many investigations (for
example, see Elbashbeshy and Aldawody, 2011; Grubka and
Bobba, 1985 and Ali, 1994).
In many practical situations, the material moves in a quies-
cent ﬂuid with the ﬂuid ﬂow being induced by the motion of
the solid material and by the thermal buoyancy. Therefore,
the resulting ﬂow and the thermal ﬁeld are determined by
two mechanisms, namely, the surface motion and the buoy-
ancy force. It is well known that the buoyancy force due to
xu g
v     u(x)
Buoyancy assisting region
y
o ( )wT x , ( )wC x
Buoyancy opposing region
T∞  , C∞ u(x)
0u∞ =
Figure 1 Physical model and geometry.
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and thermal ﬁeld, and thereby the heat transfer characteristics
of the manufacturing process. Effects of thermal buoyancy
force on Newtonian/non-Newtonian ﬂow and heat transfer
over a stretching sheet have been reported by investigators
(Chen, 1998, 2009; Ali and Al-Yousef, 2002; Ishak et al.,
2008, 2009 and Prasad et al., 2010). But as it is well known,
in many engineering applications, foreign masses are injected
through the surface into the ﬂuid to reduce wall shear stress,
and to enhance the rate of heat transfer. In the case of air, usu-
ally H, H2O, H2O, CO2 are being injected into the ﬂow ﬁeld.
Now in ﬂow past vertical bodies, the buoyancy forces are
important which arise due to temperature difference. But due
to the injection of foreign mass into the ﬂow, the buoyancy
force due to temperature difference in mass concentration is
also important. As a simple example, the atmospheric ﬂows,
at all scales are driven appreciably by both temperature and
water vapor concentration differences. Because of these com-
bined ﬁelds, the analysis of ﬂow phenomenon becomes quite
complicated. Available literature on heat and mass transfer
(Abd El Aziz and Salem, 2007; Chin, 1995; Kandasamy
et al., 2005 and Abd El Aziz, 2010), shows such studies with
combined buoyancy effects due to difference in temperature
as well as difference in species diffusion is not being carried
out for power law ﬂuids.
Keeping this in view, in the present paper, we make an
attempt to study the effects of combined buoyancy, due to ther-
mal and species diffusion, on the Ostwald-de Waele ﬂuid over a
stretching surface in the presence of a ﬁrst order chemical reac-
tion. Such a combined analysis of chemical and physical pro-
cesses constitutes the core of chemical reaction engineering. In
many industrial processes involving ﬂow, heat and mass trans-
fer over a moving surface, the diffusing species can be generated
or absorbed due to a chemical reaction with the ambient ﬂuid
(Chambre and Young, 1958). This generation or absorption
of species can affect the ﬂow and accordingly the properties
and the quality of the ﬁnal product. Hence, it is important to
take into account the effect of the chemical reaction in addition
to the effect of diffusion of the species in analyzing the mass
transfer phenomenon. In addition to this we also consider the
effects of thermal conductivity dependence on temperature as
well as molecular species diffusivity dependence on concentra-
tion, as this is true in the case of polymer solutions. To consider
the situation of chemical reaction we also include the contribu-
tion of internal heat generation/absorption. Hence, the inﬂu-
ences of combined buoyancy, power-law index, temperature
dependent thermal conductivity, and concentration dependent
mass diffusivity make the momentum, energy and species con-
centration equations coupled and highly non-linear partial dif-
ferential equations. To deal with the coupling and non-linearity,
a numerical ﬁnite difference scheme for three unknown initial
conditions has been developed. The results are analyzed for dif-
ferent values of the physical parameters on the velocity, temper-
ature and concentration ﬁelds along with the skin friction
coefﬁcient, the local Nusselt number, and the Sherwood
number.
2. Mathematical formulation of the problem
Consider a viscous, steady, two-dimensional, laminar convec-
tive boundary layer ﬂow of an incompressible ﬂuid obeyingthe power-law model over a stretching sheet coinciding with
the plane y= 0 (see Fig. 1). The ﬂow is generated by applying
two equal and opposite forces along the x-axis, keeping the
origin ﬁxed, and the y-axis is taken normal to the sheet. The
stretching sheet is assumed to have a linear velocity Uw, a sur-
face temperature TwðxÞ; and a species diffusion CwðxÞ : they
are of the form
UwðxÞ ¼ b x; ð2Þ
TwðxÞ ¼ T1 þ E1ðx=lÞ; ð3Þ
CwðxÞ ¼ C1 þ E2ðx=lÞ; ð4Þ
where b> 0 is the stretching rate, x is the distance from the
slit, E1 and E2 are constants (and whose values depends upon
the properties of the ﬂuid), T1 is the ambient temperature, l is
the characteristic length, and C1 is the concentration of the
species far away from the sheet. An appropriate mass transfer
analog to the problem would be the ﬂow, along the surface
that contains a species A that is slightly soluble in ﬂuid B.
Let the reaction of species A with B be a ﬁrst-order homoge-
neous chemical reaction with rate constant K1. It is assumed
that the concentration of the dissolved A is small enough
and the physical properties are constant throughout the ﬂuid.
The viscous dissipation is assumed to be negligible in the
energy equation due to the slow stretching motion of the sur-
face. Also, all the other physical properties are assumed to be
constant except for the density in the buoyancy force term
which is given by the usual Boussinesq approximation. The
concentration of diffusing species is very small in comparison
with the chemical species. Under these assumptions, the basic
boundary layer equations governing the convective ﬂow, heat
and mass transfer are given by
@u
@x
þ @v
@y
¼ 0; ð5Þ
u
@u
@x
þ v @u
@y
¼ c  @u
@y
 n
þ gb1ðT T1Þ þ gb1ðC C1Þ;
ð6Þ
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@T
@x
þ qcpv @kðTÞ
@y
 
@T
@y
¼ kðTÞ @
2T
@y2
þQsðT T1Þ; ð7Þ
u
@C
@x
þ v @DðCÞ
@y
 
@C
@y
¼ DðCÞ @
2C
@y2
 k1ðC C1Þ; ð8Þ
where u and v are the ﬂuid velocity components along the x
and y directions respectively, q is the ﬂuid density, c is the kine-
matic viscosity, n is the ﬂow behavior index namely the power-
law index, g is the acceleration due to gravity, b1 and b1
* are the
thermal expansion coefﬁcient and the concentration expansion
coefﬁcient respectively, T is the ﬂuid temperature, cp is the spe-
ciﬁc heat at constant pressure, k(T) is the temperature-depen-
dent thermal conductivity, C is the species concentration in the
ﬂuid, D(C) is the species diffusion depending on molecular dif-
fusion coefﬁcient of the diffusing species and k1 is the reaction
rate constant of a ﬁrst-order homogeneous and irreversible
reaction. The term containing Qs in Eq. (7) represents the tem-
perature-dependent volumetric rate of heat source when
Qs > 0 and heat sink when Qs < 0. These deal with the situa-
tions of exothermic and endothermic chemical reactions,
respectively. The ﬁrst term in the right-hand side of Eq. (6),
the shear rate, is assumed to be negative throughout the
boundary layer since the stream-wise velocity component u
decreases monotonically with the distance y from the moving
surface (for a continuous stretching surface). Further, the tem-
perature-dependent thermal conductivity and the species diffu-
sion dependence on molecular diffusion of the diffusing species
in the ﬂuid are assumed to vary as linear functions of temper-
ature and concentration respectively in the following forms
(Chiam, 1998 and Prasad et al., 2009):
kðTÞ ¼ k1ð1þ e1ðT T1=Tw  T1ÞÞ and DðCÞ
¼ D1ð1þ e2ðC C1=Cw  C1ÞÞ: ð9Þ
Here e1 and e2 are the small parameters, respectively, called as
variable thermal conductivity parameter and the variable spe-
cies diffusivity parameter, a1and C1 are the thermal conduc-
tivity and species diffusivity of the ﬂuid far away from the
sheet. The appropriate boundary conditions to the problem are
u ¼ Uw; v ¼ 0;T ¼ Tw;C ¼ Cw at y ¼ 0;
u! 0;T! T1;C! C1 as y!1:
ð10Þ
We introduce the following dimensionless similarity vari-
able g and the similarity functions fðgÞ; hðgÞ and /ðgÞ as
w ¼ UwxðRexÞ1=ðnþ1ÞfðgÞ;T ¼ T1 þ ðTw  T1Þ hðgÞ;
C ¼ C1 þ ðCw  C1Þ/ðgÞ; g ¼ ðy=xÞðRexÞ1=ðnþ1Þ;
ð11Þ
where wðx; yÞ is a stream function deﬁned by
u ¼ @w=@y and v ¼ @w=@x, which identically satisﬁes the
continuity Eq. (5), and Rex ¼ U2nw xn=c is the local Reynolds
number for the power-law ﬂuids. In terms of these new vari-
ables, the momentum, energy equations and mass diffusion
equation together with the boundary conditions become,
nðf 00Þn1f 000  ðf 0Þ2 þ ð2n=nþ 1Þff 00 þ khþ Gc / ¼ 0; ð12Þ
ðð1þ e1hÞh0Þ0 þ Prn½ð2n=nþ 1Þfh 0  ðf 0  bÞh ¼ 0; ð13Þðð1þ e2/Þ/0Þ0 þ Sc½ð2n=nþ 1Þf/0  ðf0 þ dÞ/ ¼ 0; ð14Þ
and
fð0Þ ¼ 0; f 0ð0Þ ¼ 1; hð0Þ ¼ 1;/ð0Þ ¼ 1;
f 0ð1Þ ¼ 0; hð1Þ ¼ 0;/ð1Þ ¼ 0; ð15Þ
where a prime denotes differentiation with respect to g. Here
the parameters k;Gc;Prn;Sc; b and d are the buoyancy param-
eter, the modiﬁed Grashof number with respect to species dif-
fusion, the generalized Prandtl number for power law ﬂuids
(for details see Acrivos, 1960; Hassanien et al., 1998; Chen,
2009), the Schmidt number, the heat source/sink parameter,
and the reaction rate parameter respectively. They are deﬁned
by
k ¼ Grx
Re2x
;Grx ¼ gb1ðTwT1ÞE1x3c2 ;Gc ¼
gb1E2
b2 l
;Prn ¼ ðc2b3ðn1Þx2ðn1Þanþ11 Þ
1
nþ1
;
Sc ¼ c
D1
; b ¼ Qs
bqcp
and d ¼ k1 l
b
:
ð16Þ
The term kh in Eq. (12) is due to buoyancy force and
k ¼ Grx
Re2x
serves as the buoyancy parameter. In the absence of
mass transfer and for k ¼ 0; the Eqs. (12) and (13) reduce to
those of Hassanien et al. (1998). On the other hand, if k is sig-
niﬁcantly greater order of magnitude than one, the buoyancy
forces will be predominant and the ﬂow will be essentially free
convective. Hence, combined convective ﬂow exists when
k ¼ 0ð1Þ:. The parameter d in the species diffusion Eq. (14)
represents the following three situations:
(i) d > 0; for destructive chemical reaction;
(ii) d ¼ 0; for no reaction; and
(iii) d < 0; for generative chemical reaction.
It should be noted here that for a Newtonian ﬂuid (n= 1)
in the presence of mass transfer and no heat transfer, the equa-
tions reduce to those of Andersson et al. (1994). Also, in the
absence of mass transfer and for the modiﬁed Grashof number
with respect to species diffusion which is zero, equations
reduce to those of Ali and Al-Yousef (2002) for mixed convec-
tion along a linearly stretched surface. Further, in the presence
of buoyancy parameter for the power-law ﬂuid ﬂow, without
mass transfer, the Eqs. (12) and (13) reduce to those of
Prasad et al. (2009).
From the engineering point of view, the important charac-
teristics of the ﬂow are, the local skin friction coefﬁcient Cf, the
local Nusselt number Nux; and the local Sherwood number
which are respectively, deﬁned by
Cf ¼ sw
qU2w=2
;Nux ¼ xqw
k1ðTw  T1Þ ;Shx ¼
xqm
D1ðCw  C1Þ ;
ð17Þ
where the surface shear stress, the surface heat ﬂux, and the
surface mass ﬂux are given by
sw ¼ l @u
@y
 
y¼0
; qw ¼ k1
@T
@y
 
y¼0
; qm ¼ D1
@C
@r
 
y¼0
;
ð18Þ
with l being the viscosity and k1 the thermal conduc-
tivity respectively. Using the similarity variables (11), we
obtain
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2
CfRe
1=nþ1
x ¼ f 00ð0Þ;
Nux
Re1=nþ1x
¼ h0ð0Þ and Shx
Re1=nþ1x
¼ /0ð0Þ:
ð19Þ3. Numerical method
The set of coupled Eqs. (12)–(14) are highly non-linear ordin-
ary differential equations of third-order in f and second-order
h and /, subject to the boundary conditions (15) constitute a
two-point boundary value problem. Exact analytical solutions
are not possible for the complete set of equations and hence we
used the efﬁcient numerical method with second order ﬁnite
difference scheme known as the Keller-box method. The cou-
pled boundary value problem with third order in f and second
order h and /, have been reduced to a system of seven ordinary
differential equations of ﬁrst order for seven unknowns. To
solve the system of ﬁrst order equations we require seven initial
conditions, whilst we have only two initial conditions on f and
one initial condition for each of h and /. The three initial con-
ditions f 00ð0Þ; h0ð0Þ and /0ð0Þ are not prescribed. However the
values of f 00ðgÞ; hðgÞ and /ðgÞ are known at g ¼ 1. Now, we
employ the Keller-box scheme with superposition principle
(Na, 1979) and the known three boundary conditions to pro-
duce the three unknown initial conditions at g= 0. In this
method, it is most important to choose the appropriate values
of gﬁ1. To select g1, we begin with some initial guess value
and solve the problem with some particular set of parameters
to obtain f 00ð0Þ; h 00ð0Þ and / 00ð0Þ. The solution process is
repeated with another larger value of g1. If the values of
f 00ð0Þ; h 00ð0Þ and / 00ð0Þ are comparable to their respective pre-
vious values to six signiﬁcant digits then the last value of g1
will be considered as the appropriate value for that particular
set of parameters; otherwise the procedure will be repeated
until further changes in g1 lead to no change in the values
of f 00ð0Þ; h 00ð0Þ and / 00ð0Þ. The convergence criterion largely
depends on fairly good guesses of the initial conditions in
the shooting technique and is based on the relative differenceTable 1 Comparison of f00ð0Þ and h0ð0Þ values for n ¼ 1:0 when
f00ð0Þ h0ð0Þ
k ¼ 1:0, Prn ¼ 1 Prn Present stud
Present results 0.56075 0.72 0.808631
Ishak et al. (2008) 0.56070 1.0 1.000000
Chen (2009) 0.56075 3.0 1.923663
Elbashbeshy and Aldawody (2011) 0.56080 10.0 3.720649
Table 2 Values of the skin friction f00ð0Þ; wall temperature
Prn ¼ 1:0;Sc ¼ 1:0; e1 ¼ 0:1; e2 ¼ 0:1;b ¼ 0:1; d ¼ 0:1.
k Gc n ¼ 0:8 n ¼ 1:0
f00ð0Þ h00ð0Þ /0ð0Þ f00ð0Þ
0.5 0.0 0.748319 0.915913 1.022119 0.75631
0.5 0.519439 0.953176 1.053037 0.55022
1.0 0.316341 0.983362 1.078653 0.35493
 0.5 1.0 0.780913 0.902385 1.012046 0.78668
0.0 0.531095 0.949128 1.049858 0.56133
1.0 0.133461 1.010848 1.102245 0.15993between the current and the previous iterations used; when this
difference reaches 105, the iterative process is terminated.
Thus, the problem has been solved numerically by the
Keller-box method (Cebeci and Bradshaw, 1984; Prasad
et al., 2009). The numerical solutions are obtained in the fol-
lowing four steps:
Æ reduce Eqs. (12)–(14) to a system of ﬁrst-order equations;
Æ write the difference equations using central differences;
Æ linearize the algebraic equations by Newton’s method, and
write them in matrix–vector form; and
Æ solve the linear system by the block tri-diagonal elimination
technique.
For numerical calculations, a uniform step size of Dg ¼
0:01 is found to be satisfactory for all the cases. The physical
domain in this problem is unbounded, whereas the computa-
tional domain has to be ﬁnite and for this reason, we apply
the far ﬁeld boundary conditions for the similarity variable g
at a ﬁnite value denoted by gmax. A value of gmax ¼ 7 is found
to be sufﬁcient to achieve the far ﬁeld boundary conditions
asymptotically for all values of the parameters considered.
To verify the validity and accuracy of the present analysis,
results for the skin friction coefﬁcient and the local Nusselt
number are compared with those of previous investigations
for several values of the parameters for a Newtonian ﬂuid.
The comparison shows a very good agreement with the results
reported by Elbashbeshy and Aldawody (2011), Grubka and
Bobba (1985), Ali (1994), Ishak et al. (2008, 2009), and Chen
(2009). The results are shown in Table 1.
4. Results and discussion
In order to get a clear insight of the mathematical modeling of
the physical problem, the numerical results for the velocity,
temperature and concentration ﬁelds have been obtained for
several sets of values of the physical parameters namely, the
power-law index n, the buoyancy parameter k, the modiﬁedthe other pertinent parameters are absent.
y Grubka and Bobba (1985) Ali (1994) Ishak et al. (2009)
0.8086 0.8058 0.808631350
1.0000 0.9961 1.000000000
1.9237 1.9144 1.923682595
3.7207 3.7006 3.720673901
gradient h0ð0Þ; and wall concentration gradient /0ð0Þ for
n ¼ 1:2
h0ð0Þ /0ð0Þ f00ð0Þ h0ð0Þ /0ð0Þ
4 0.930822 1.036637 0.768339 0.939963 1.046357
2 0.967427 1.066784 0.578098 0.976745 1.076329
9 0.997544 1.092260 0.388355 1.007258 1.101980
2 0.916308 1.026057 0.798147 0.923305 1.034587
5 0.963225 1.063526 0.589054 0.972217 1.072873
5 1.025737 1.116449 0.181581 1.036416 1.126926
Table 3 Values of the skin friction f00ð0Þ; wall temperature gradient h00ð0Þ; and wall concentration gradient /00ð0Þ for k ¼ 0:5;Gc ¼ 0:5.
Prn e1 b n ¼ 0:8 n ¼ 1:0 n ¼ 1:2
f00ð0Þ h0ð0Þ /0ð0Þ f00ð0Þ h0ð0Þ /0ð0Þ f00ð0Þ h0ð0Þ /0ð0Þ
Sc= 1.0, e2 = 0.1, d= 0.1
1.0 0.1 0.5 0.548161 1.216297 1.045407 0.577518 1.228996 1.059008 0.604799 1.238095 1.068146
0.0 0.525650 1.002984 1.051336 0.556131 1.016930 1.065037 0.583939 1.026287 1.074471
0.5 0.481559 0.704904 1.064055 0.513413 0.720609 1.078178 0.541083 0.728602 1.088597
0.0 0.1 0.524765 1.018775 1.051798 0.555326 1.034376 1.065511 0.583098 1.044696 1.075003
0.2 0.514518 0.897576 1.054239 0.545385 0.910656 1.068022 0.573341 0.919120 1.077624
0.4 0.505340 0.808037 1.056533 0.536404 0.819238 1.070401 0.564461 0.826313 1.080123
0.71 0.1 0.1 0.499073 0.843977 1.059307 0.529267 0.854773 1.073664 0.556575 0.861275 1.083896
1.0 0.524764 1.018775 1.051798 0.555326 1.034376 1.065511 0.583098 1.044696 1.075003
3.0 0.600817 1.878371 1.033123 0.628934 1.918492 1.046252 0.655291 1.949234 1.054791
5.0 0.629583 2.473458 1.027917 0.655348 2.529388 1.041259 0.679992 2.573048 1.049901
7.0 0.649467 2.769285 1.023548 0.670644 2.834205 1.038805 0.692771 2.884851 1.048559
Sc e2 d f00ð0Þ h0ð0Þ /0ð0Þ f00ð0Þ h0ð0Þ /0ð0Þ f00ð0Þ h0ð0Þ /0ð0Þ
Prn= 1.0, e1 = 0.1, b= 0.1
1.0 0.1  0.5 0.472454 0.969958 0.710979 0.504828 0.984776 0.726804 0.532859 0.995436 0.735145
0.0 0.514290 0.954929 1.006423 0.545264 0.969212 1.020458 0.573251 0.978638 1.030033
0.5 0.535868 0.947942 1.218762 0.565716 0.962095 1.231514 0.593102 0.971155 1.240753
0.0 0.1 0.524470 0.951833 1.124709 0.555005 0.966042 1.139738 0.582748 0.975306 1.150255
0.2 0.514796 0.954502 0.992283 0.545691 0.968778 1.004938 0.573677 0.978155 1.013653
0.4 0.506133 0.957028 0.894487 0.537284 0.971386 0.905372 0.565434 0.980890 0.912739
0.22 0.1 0.1 0.435009 0.983016 0.470964 0.461924 1.001279 0.474110 0.486978 1.014403 0.475627
0.66 0.497115 0.960928 0.835258 0.525296 0.977629 0.845405 0.551750 0.988860 0.851750
0.96 0.521604 0.952812 1.099614 0.552159 0.967090 -1.114040 0.579904 0.976441 1.124060
1.0 0.524470 0.951833 1.124709 0.555005 0.966042 1.139738 0.582748 0.975306 1.150255
3.0 0.594090 0.932023 2.041517 0.621783 0.945742 2.078399 0.647569 0.954139 2.107028
5.0 0.620930 0.926609 2.675969 0.646420 0.940543 2.727225 0.670581 0.949043 2.767589
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Figure 2 Horizontal velocity proﬁles for different values of k and Gc with e1 = 0.1, e2 = 0.1, Prn = 3.0, Sc= 3.0, b= 0.1, d= 0.1
when (a) n= 0.8, (b) n= 1.0 and (c) n= 1.2.
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Figure 3 Temperature proﬁles for different values of e1 and k with e2 = 0.1, Gc= 1.0, Prn = 1.0, Sc= 1.0, b= 0.1, d= 0.1 when (a)
n= 0.8, (b) n= 1.0 and (c) n= 1.2.
Convective ﬂow, heat and mass transfer of Ostwald-de Waele ﬂuid 63Grashof number with respect to species diffusion Gc, the var-
iable thermal conductivity parameter e1, the variable species
diffusivity parameter e2, the generalized Prandtl number for
power law ﬂuids Prn, the Schmidt number Sc, the heat
source/sink parameter b, and the reaction rate parameter d.
The parametric values are chosen arbitrarily, where
Prn = 0.71 corresponds physically to air at 20 C, Prn = 1.0
corresponds to electrolyte solution (such as salt water), and
Prn = 7.0 corresponds to water; also Sc = 0.22, 0.6, 1.0 corre-
spond respectively to hydrogen, water vapor, and methanol at
25 C. The obtained numerical results are presented graphi-
cally in Figs. 1–7. Also, changes in the skin friction f 00ð0Þ,the wall temperature gradient h 00ð0Þ, and the mass transfer gra-
dient / 00ð0Þ for several sets of values of the parameters are
recorded in Tables 2 and 3.
4.1. Velocity ﬁeld
Fig. 2(a–c) respectively, shows the effects of shear thinning
(n < 1), Newtonian (n ¼ 1), and shear thickening (n > 1) ﬂu-
ids, on the horizontal velocity f 00ðgÞ for different values of k
and Gc: from these ﬁgures, we see seen that the proﬁles for
f 00ðgÞ decrease monotonically and tend asymptotically to zero
as the distance increases from the slit. Furthermore, f 00ðgÞ
64 K. Vajravelu et al.increase with kandGc but decrease with n. The effect of n is to
reduce f 00ðgÞ and thereby reducing boundary layer thickness.
That is, the thickness is much larger for shear thinning ﬂuids
(pseudo plastic ﬂuids, 0 < n< 1) than that of Newtonian
(n= 1) or shear thickening ﬂuids (dilatant ﬂuids,
1 < n< 2), as clearly seen from Fig. 2(a–c). This phenomenon
is true even in the presence of buoyancy parameters k and Gc:
Physically k > 0 means heating of the ﬂuid or cooling of the
surface, k < 0 means cooling of the ﬂuid or heating of the sur-
face, and k ¼ 0 corresponds to the absence of buoyancy
parameter. From Fig. 2(a–c) we notice that an increase in k
leads to an increase in f 00ðgÞ. Increase in k means an increase
in the temperature difference ðTw  T1Þ and this leads to an
enhancement in the velocity and this enhances the free convec-
tion currents, and thus increases the boundary layer thickness.
This behavior can also be noticed with Gc:
4.2. Temperature ﬁeld
The temperature proﬁles hðgÞ for shear thinning, Newtonian
and shear thickening ﬂuids are shown graphically in Figs. 3
and 4 for different values of the physical parameters. The gen-
eral trend from these ﬁgures is that the effect of increasing val-
ues of n leads to thinning of the thermal boundary thickness.
This behavior is very much noticeable in shear thinning ﬂuid
as compared to the Newtonian ﬂuid. Fig. 3(a–c) respectively,
shows the effects of shear thinning ﬂuids, Newtonian and shear
thickening ﬂuids on hðgÞ for various values of k |||and e1 with
Gc = 1.0. An increase in the value of k results in a decrease in
the thermal boundary layer thickness and this increases the
surface heat transfer rate. This behavior is true even for non-
zero values of e1. The effect of e1 is to increase hðgÞ which in
turn increase the thermal boundary layer thickness. This is
due to the assumption of the temperature-dependent thermal.
This phenomenon holds for all values of n.
The thermal boundary layer thickness is larger for shear
thinning ﬂuids (n< 1) as compared to the Newtonian0.0
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Figure 4 Temperature proﬁles for different values of b and Prn with
n= 0.8, (b) n= 1.0 and (c) n= 1.2.(n= 1), depicted in Fig. 3(a–c). The effects of Prn and b on
hðgÞ from the sheet for shear thinning (n= 0.8), Newtonian
(n= 1), and shear-thickening (n= 1.8) ﬂuids are shown
respectively in Fig. 4(a–c). From these graphs we observe that
the temperature distribution is lower throughout the boundary
layer for negative values of b (heat sink) and higher for positive
values of b (heat source) as compared with the temperature
distribution in absence of heat source/sink (i.e., b ¼ 0Þ. Physi-
cally b > 0 implies Tw > T1: That is, there is a supply of heat
to the ﬂow region from the wall. Also, the effect of b is to
increase hðgÞ for different values of n. This is true for different
values of Prn. Further an increase in Prn reduces the thermal
boundary layer thickness.
4.3. Mass concentration
The results for the concentration proﬁles /ðgÞ for shear thin-
ning, Newtonian and shear thickening ﬂuids for different val-
ues of the governing parameters are shown in Figs. 5 and 6.
Fig. 5 shows the dependence of /ðgÞ on the modiﬁed Grashof
number with respect to species diffusion, variable species diffu-
sivity parameter e2 and the power-law index n. These parame-
ters have similar effects on /ðgÞ as seen in the temperature
proﬁles (see Fig. 3(a–c)). The effects of the Schmidt number
and the reaction rate parameter on the concentration proﬁles
are depicted graphically in Fig. 5(a–c). The effect of increasing
values of Sc is to reduce the boundary layer thickness. This is
due to the thinning of the concentration boundary layer due to
the species diffusion. This phenomenon is even true in the cases
of destructive chemical reaction d > 0:. The effect of an
increase in the value of d is to decrease the thickness of the con-
centration boundary layer. However, the concentration thick-
ness is higher for negative values of d as compared to the zero
value of d.
Numerical results for the surface skin friction coefﬁcient
f 00ð0Þ; the surface Nusselt number h0ð0Þ and surface Sherwood
number u0ð0Þ for different values of the pertinent parameters4 5 6 7 0 1 2 3 4 5 6 7
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Figure 6 Concentration proﬁles for different values of d and Sc with e1 = 0.1, e2 = 0.1, k= 1.0, Gc= 1.0, Prn = 1.0, b= 0.1 when (a)
n= 0.8, (b) n= 1.0 and (c) n= 1.2.
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Figure 5 Concentration proﬁles for different values of e2 and Gc with e1 = 0.1, k= 0.5, Prn = 1.0, Sc= 1.0, b= 0.1, d= 0.1 when (a)
n= 0.8, (b) n= 1.0 and (c) n= 1.2.
Convective ﬂow, heat and mass transfer of Ostwald-de Waele ﬂuid 65are shown graphically in Fig. 7(a–c). Fig. 7(a) shows that for
different values of k, the values of f 00ð0Þ are negative, which
means that the surface exerts a drag force on the ﬂuid. As k
increases, the skin friction at the sheet increases. It can be
observed from Table 3 that for a ﬁxed value of Gc the Nusselt
number increases as k increases. This is due to the fact that a
positive k produces an increase in the local skin friction coefﬁ-
cient. This is true for all values of n. An increase in Prn
decreases the Nusselt number; whereas an increase in k
increases the Nusselt number as shown in Fig. 7(b). An
increase in Sc decreases the Local Sherwood number. Quite
opposite is true with reaction rate parameter as shown in
Fig. 7(c).The impact of all the physical parameters on skin friction
coefﬁcient f 00ð0Þ; the surface Nusselt number h 00ð0Þ and surface
Sherwood number u 00ð0Þ for different values of the pertinent
parameters is displayed in Tables 2 and 3. It can be noted that
the effect of k and Gc is to decrease the magnitude of skin fric-
tion. But quite opposite is true with the magnitude of wall tem-
perature gradient and the wall species diffusion gradient. The
effect of the generalized Prandtl number for power law ﬂuids,
the Schmidt number, the heat source/sink parameter and the
reaction rate parameter is to increase the magnitude of wall
temperature gradient and the species diffusion gradient;
whereas quite opposite is true with the variable thermal con-
ductivity and the variable mass diffusivity parameters.
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Figure 7 (a) Values of f00(0) for different values of n and Gc with e1 = 0.1, e2 = 0.1, Prn = 1.0, Sc= 1.0, d= 0.1, and b= 0.1.
(b) Values of h0(0) for different values of n and k with e1 = 0.1, e2 = 0.1, Gc= 0.5, Sc= 1.0, d= 0.1, and b= 0.1. (c) Values of u0(0) for
different values of n and d with e1 = 0.1, e2 = 0.1, k= 0.5, Gc= 0.5, Prn = 1.0 and b= 0.1.
66 K. Vajravelu et al.5. Conclusions
In the present paper, an investigation has been carried out to
study the effects of buoyancy on the power-law ﬂuid ﬂow over
a vertical stretching surface in the presence of a chemical reac-
tion. The governing partial differential equations are trans-
formed into coupled ordinary differential equations by using
a similarity transformation. These equations are solved numer-
ically by the Keller-box method. Numerical results for the
skin-friction coefﬁcient, the local Nusselt number, the local
Sherwood number, the velocity, temperature, and the mass
concentration are presented through Tables and Graphs. Some
of the ﬁndings are summarized below.
Æ The effect of increasing power-law index parameter is to
reduce the ﬂuid velocity and hence it reduces the boundary
layer thickness.
Æ Increase of k leads to increase in the horizontal velocity
proﬁle.
Æ The combined effect of the parameters Prn, k, Gc is to
reduce the temperature proﬁle signiﬁcantly.
Æ An increase in the reaction rate parameter and wall concen-
tration parameters reduces the thickness of the species con-
centration. This holds good for all values of the power-law
index.
Æ An increase in the buoyancy parameter enhances the veloc-
ity boundary layer thickness; whereas quite the opposite is
true with the mass concentration.
Æ Of all the parameters considered, the buoyancy parameter
and the variable ﬂuid properties have strong effects on the
ﬂow and heat transfer characteristics.
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